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Abstract— 1In this paper we study behavior of
coupled continuous—time chaotic systems by means of
independent symbolic dynamics. First we consider the
perturbed chaotic system and estimate the maximum
perturbation range for which the symbolic dynamics
survives. If the coupling is small enough then the per-
turbation introduced by the coupling does not exceed
the maximum range and there exists independent sym-
bolic dynamics for every coupled subsystem. As an ex-
ample we consider coupled Chua circuits. We compute
the value of the coupling strength for which the sym-
bolic dynamics in every subsystem is not destroyed.

I. INTRODUCTION

Since the first observations of coupled chaotic systems
displaying identical oscillations [1, 2, 3] there has been
a considerable interest in using the concept of syn-
chronization of chaos to develop spread spectrum com-
munication systems. For the applications of synchro-
nized chaos it is very important to develop methods
for studying the synchronization phenomena.

Recently we have introduced a method for investi-
gating of coupled chaotic systems based on the exis-
tence of robust symbolic dynamics [4]. The method
consists of two steps. First for every subsystem we
find the perturbation range for which we can verify
that the symbolic dynamics is not destroyed. In the
second step we check that the perturbation introduced
by the coupling is smaller than the maximum allowable
perturbation. If this condition holds for each subsys-
tem then the independent symbolic dynamics in every
subsystem exists. In consequence, the subsystems are
not uniformly synchronized in the sense that there ex-
ist trajectories of the whole system realizing arbitrary
allowable sequences in every subsystem.

Previously we have applied this method for a
discrete-time system, namely the Hénon map. In this
paper we adapt the method for continuous—time sys-
tems. The extension is not straightforward and is dis-
cussed 1n detail in the following sections.

In section 2 we recall the results on the existence
of symbolic dynamics for the Chua’s system. In sec-
tion 3 we address the problem of proving the existence

of symbolic dynamics for perturbed continuous—time
chaotic systems. We describe the procedure which is
used for computation of the maximum perturbation
range which does not destroy the symbolic dynamics.
In section 4 we study behavior of coupled Chua’s cir-
cuits by means of independent symbolic dynamics. We
estimate the coupling value for which the systems are
not synchronized due to the existence of independent
symbolic dynamics.
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Figure 1: Chua’s circuit.

II. SYMBOLIC DYNAMICS FOR CHUA’S
CIRCUIT

In this section we recall the results on the existence
of symbolic dynamics for a three—dimensional nonlin-
ear electronic circuit shown in Fig. 1. Its dynamics is
described by the following state equation:

Che1 = G($2_$1)_g(x1)a
Chxy = G(l’l - $2) + z3, (la)
Lxs = —=z2— Rozxs,

where g¢(-) is a three-segment piecewise-linear charac-
teristics (compare Fig. 2):

9(2) = Goz + 0.5(Ga — Go)(Jz + 1| — |z —1]). (1)

We use parameter values (C7 = 1, C2 = 9.3515, L =
0.06913, R = 0.33065, G, = —3.4429, Gy = —2.1849,
Ry = 0.00036) for which the famous double-scroll

chaotic attractor 1s observed.



Figure 2: Characteristics of nonlinear resistor.

The symbolic dynamics corresponding to the de-
formed horseshoe is observed for the Poincaré map
P defined by the plane Vi = {& = (%1,22,23) €
R3: 2y = 1}. On this plane we choose eight points
Ajq,...,As defining quadrangles Ny = AzAsA7Asg
and Ny = A1 A>A3A4. The “horizontal” sides of Ny
and Ni are defined as Nyy = AyAs, Nip = AzAy,
Noy = AsAg, Nop = A7Ag. Parallel lines Ay A4 and
AsAs define the stripe S. The sets My, My and M_
are defined as parts of the stripe S (compare Fig. 3).
For exact definitions of points A1, ..., Ag and sets Ny,
Ny, M_, My and M, see [5].
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Figure 3: Sets No, Ny, M_, My and M4 on the

transversal plane.

Let X be the golden subshift of a finite type
EG = {(ao, ay, ..

where X is the space of all (one-sided) sequences with
symbols in the set {0,1}. By o : X5 — Xy we denote
the shift map defined by o(s); = s;41 for i > 0.

In order to prove that the symbolic dynamics corre-
sponding to the golden subshift is embedded in P we
use the following theorem.

Theorem 1. If P s continuous on Ny U Np,
P(Ny), P(Ny) Cint S, horizontal edges of Ny, Ny are

) €Xa: (ai,ai41) # (1,1) for i > 0}.

mapped by P in such way that one of the sets P(Nyp),
P(Nov) is enclosed in My, while the second one is
enclosed in M_, one of the sets P(N1p), P(Nwv) is
enclosed in M_, while the second one is enclosed in
My U Ny U M, then there exists continuous surjective
map m: Inv(Ng U Ny, P) — X¢, such that

rToP=ocom,

where Inv(Ng U Ny, P) denotes the invariant part of
No U Ny under P. The preimage of any periodic se-
quence from Y contains periodic points of P.

Using computer interval arithmetic we have shown
that the assumptions of the above theorem are ful-
filled [5]. We have proved that there exists a con-
tinuous Poincaré map defined on Ny U Ny, the im-
ages P(Nor), P(Nogr), P(Nir), P(Nig) of “vertical”
edges of quadrangles Ny, Ni lie inside stripe P, and
that the images of “horizontal” edges of Ny, Ny ful-
fills the following conditions: P(Nyp) C Pop C My,
P(NOU) C Pow C M_, P(Nl[)) C Pip C M_,
P(Niv) C Py C My (compare Fig. 4).

It follows that the symbolic dynamics corresponding
to the golden subshift is embedded in P.
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Figure 4: Images of edges of Ny, N1 under the Poincaré
map.

III. SYMBOLIC DYNAMICS FOR THE
PERTURBED SYSTEM

In this section we show how to prove the existence
of symbolic dynamics for a Poincaré map P of a per-
turbed continuous—time system. The main difference
with the case of maps is that the perturbation is not
added directly to the Poincaré map but modifies the
vector field and in this way influences P.



We consider the perturbed Chua’s system

xll = G($2—$1)/Cl—g($1)/cl+ela
ry = G(l‘l — 1‘2)/02 + xS/CZ + e, (2)
¥s = —a3/L— Roxs/L + es,

where (e1,ea,e3) = (e1(t),ea(t),es(t)) is the pertur-
bation. We assume that the perturbation is bounded,
i.e. [le]] < e. We want to find ¢ for which the symbolic
dynamics survives. In [5] we have used the piecewise
linearity of the Chua’s system to prove the assump-
tions of Theorem 1. In case of perturbed system we
cannot proceed in this way due to the existence of
perturbation term. Instead we have to integrate the
system equation using a computer integration proce-
dure (compare [6]) and take into account errors coming
from the perturbation.

First let us describe the procedure for computation
of the image of a rectangle under Poincaré map. Dur-
ing this procedure the system (3) is integrated using
the combination of the fourth-order Taylor integration
method and techniques based on differential inequali-
ties [7]. We rigorously compute the errors caused by
omitting higher order terms in the intergration pro-
cedure. All the operations are performed in ‘interval
arithmetic’ to obtain rigorous errors for elementary op-
erations. In every integration step we compute the im-
age of the Euclidean ball B(C, ) after time h. C'is the
point interval and g is the radius of the considered ball.
First we compute the image of the center interval C'
using the fourth-order Taylor integration method with
rigorous estimation of error. Then using the follow-
ing theorem we compute how the ball with radius g
changes its size during evolution after time h.

Theorem 2 (theorem 10.6 from [7]). Let y(t) be
a solution and v(t) be an approzimate solution of the
system of differential equations &' = f(x). Suppose
that we have following estimates:

(a) [[o(to) — s(to) || < o

() 11(1) — Pl < =

(c) The logarithmic norm m(f'(-)) < L on the con-
vexr set containing trajectories {v(t): t € [to,t1]} and
{o(t): € € [to. 1]},

Then fort € [to,11] we have the estimate

_ L(t=to) 4 & (oL(t=to) _
ly(2) = ve)|] < eeH=) 4 = (e S E)

Let us recall that the Logarithmic norm [7] of matrix

Q 1s defined by

_ 1T+ hQ| -1
m(@Q) := h—0,h>0 h ‘

For the Euclidean norm on the right side of the above
equation the logarithmic norm of ¢ can be computed
as the largest eigenvalue of the matrix $(Q7 + Q).

The radius of the ball after time h 1s computed using
right hand side of inequality (3). Using this formula we
estimate errors coming from two sources. Condition
(a) measures the error in initial conditions (the size of
the initial ball is g). Condition (b) measures the extent
to which function v(¢) does not satisfy the imposed
differential equation. In the case of perturbed system
we have

v = f(v) + e,

where e is the perturbation. Obviously |le]| = ||v' —
f(v)]| and hence the condition (b) means that the max-
imum amplitude of the perturbation is smaller than €.

L is the upper bound of the logarithmic norm of the
matrix f’ over the set containing all the trajectories
starting from the ball B(C, ¢) after time ¢ € [0, A].

During the procedure for the whole Poincaré map we
perform subsequent integration steps obtaining images
of the initial rectangle after i, 2, ... . This is contin-
ued until the intersection with the transversal plane
is finished. In this way we obtain values #; and %5,
where #; corresponds to the last integration step for
which trajectory lies before transversal plane and i,
corresponds to the first integration step for which tra-
jectory lies completely after transversal plane. Then
we compute an interval vector containing trajectories
starting from the initial rectangle after time [t,1s].
The image of the initial rectangle under Poincaré map
is contained in the projection of this interval vector to
the transversal plane.

Once we have the procedure for computation of the
image of a rectangle under Poincaré map of the per-
turbed system we can check the assumptions of The-
orem 1. We proceed in the following way. First we
choose €. Then we cover the region under investi-
gation by rectangles and compute their images under
Poincaré map of the perturbed system using the pro-
cedure described above. Finally we check if the as-
sumptions of the existence theorem hold.

In our study we have chosen ¢ = 107 and checked
that the assumptions of Theorem 1 for the perturbed
Chua’s system are fulfilled. The perturbation for
which we were able to prove the existence of symbolic
dynamics is very small.

In order to estimate the real value of the maximum
allowed perturbation we integrate the Chua system us-
ing particular values of perturbation. We assume that
es = ez = 0. We have checked that for e; = 0.0008
and for e; = —0.0007 the symbolic dynamics exists.
For larger perturbation one cannot prove the existence
theorem. For e; = 0.0009 the image of Nyp touches
Ny and the condition P(Npp) C M is not true. For
€1 = —0.0008 the image of Ny touches Ny (the con-
dition P(Noy) C M_ does not hold) and the image
P(Nop) breaks in two parts (the Poincaré map is not
continuous on Ny).



This is indication that the symbolic dynamics sur-
vives for perturbation |e1| < 0.0007. One can easily
see that symbolic dynamics for the Chua’s circuit is
not robust, i.e. it can be destroyed by very small per-
turbation.

IV. COUPLED CIRCUITS

In this section we analyze the behavior of coupled
Chua’s circuits using the results from the previous sec-
tion. Two Chua’s circuits are coupled bi-directionally
by means of conductance (G; between the capacitors
Cy (compare Fig. 5).
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Figure 5: Coupled Chua’s circuits

The dynamics of the coupled system is described by
the following equations:

Chxz, G(xo—21) — g(x1) + Gi(y1 — 1),
Coxs = G(oy —x2) + 23,

L¥s = —x9— Rouxs, (4)
Ciyi = Gly2—w1) —g(n) + Gz —y1),
Coyo = G(y1 —y2) +ys,

Lys = —y2 — Roys.

In order to check whether the symbolic dynamics
survives we have to check that the perturbation intro-
duced by the coupling is small enough. The error term
is given by

e1 =Gi(y1 —x1)/Ch; (5)

We have to find G4 for which |eq]| < €1max, where €1max
1s the maximum perturbation for which the symbolic
dynamics survives. As we investigate the existence
of symbolic dynamics, we know that z1,y; € [0,2.3].
Hence (y1 — #1)/C1 € [-2.3,2.3]. Finally for G; <
€1max/ 2.3 the condition |e1| < e1max holds.

In the previous section we estimated that for
€1max = 0.0007 the eprturbed Chua’s system displays
the symbolic dynamics and hence there 1s strong in-
dication that for G7 < 0.0003 there exist independent
symbolic dynamics in coupled Chua’s circuits.

V. CONCLUSIONS

In this paper we have adressed the problem of robust-
ness of symbolic dynamics for continuous—time chaotic
systems. We have shown that the symbolic dynam-
ics embedded in the Poincaré map is not destroyed
if the perturbation is small enough. We have devel-
oped a method for computing the perturbation range
which does not destroy the symbolic dynamics. For the
Chua’s circuits using computer interval arithmetic we
have found sufficient conditions for the perturbation,
which does not destroy the symbolic dynamics. We
have also estimated the real value of perturbation for
which the proof cannot be carried out. For coupled
Chua’s circuits we have computed the value of cou-
pling conductance for which there exist independent
symbolic dynamics in coupled systems.
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