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Abstract—The existence of partial and total amplitude control
in a band pass filter circuit with a memristor is explained
theoretically and confirmed in simulations. A linear change of
coordinates is derived to develop a simple three-parameter model
of the circuit. Dynamical phenomena observed in the resulting
dynamical system are analyzed.

1. INTRODUCTION

The existence of nonlinear circuit elements with resistance
depending on the history of current flowing through the
element or the voltage across the element has been postulated
in [1]. The first memristor nano-device was reported in [2].
Since then memristors have received significant attention due
to a number of possible applications including large capacity
non-volatile memories and neuromorphic systems.

Understanding the dynamics of circuits containing mem-
ristors is a key step in the design of memristor-based net-
works [3], [4], [5], [6]. A considerable research effort has
been devoted to studying dynamical phenomena observed in
memristor-based oscillators. In most cases these oscillators
contain memristors which are built using discrete components
to mimic theoretical characteristics of ideal or generalized
memristors. A memristor emulator imitating the behavior of a
TiO, memristor is presented in [7]. A floating analog memris-
tor emulator circuit is proposed in [8]. A four dimensional
memristor based chaotic circuit obtained by replacing the
nonlinear element in the Chua’s circuit with a memristor
is studied in [3], [9]. The simplest chaotic memristor-based
circuit containing an inductor, a capacitor and a memristor
connected in series is studied in [10]. Further analysis of this
circuit is carried out in [11] and in [12]. Dynamical phenomena
in a floating memristor emulator based relaxation oscillator are
analyzed in [13]. Memristive diode bridge with LCR filter is
studied in [14]. Chaotic behaviors in a memristive Sallen-Key
low pass filter are investigated in [15].

A simple third-order memristive band pass filter circuit is
introduced [16]. The authors carry out an analysis of its equi-
libria and their stability, construct bifurcation diagrams and
observe the phenomenon of amplitude control. In this work,
the analysis of this system is continued. The mechanism of
partial amplitude control is fully explained. Additionally, the
property of total amplitude control is theoretically derived and
confirmed in simulations. Using an appropriate linear change
of variables a simple model of the circuit is constructed.

The number of parameter in this model is reduced to three
which considerably simplifies characterization of dynamical
phenomena in the circuit. Analysis of the dynamics of the
three-parameter model is carried out.

II. Tairp ORDER MEMRISTIVE BAND Pass FiLter Circult

The memristive band pass filter circuit [16] is shown in
Fig. 1. It is built using an op-amp, two capacitors, three
resistors and a memristor belonging to the class of generalized
voltage controlled memristors [17]. The dynamics of the
memristor is defined by

i1 =R (1-gvpm (1)
Vo = —(RpCo)~'vo = (RaCo)™'v, )
where ij, vi, and vy are the memristor’s current, voltage,
and internal variable, respectively. An implementation of this

memristor using two op-amps, three resistors, one capacitor,
and two multipliers is described in [16].
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Fig. 1. The memristive band pass filter circuit.

The dynamics of the circuit presented in Fig. 1 is defined
by the following system of differential equations

70 = =(RyCo)™'vo = (RuCo)'v1,
v = (1= gv3)((k = DR.Cy) vy = RYN(CT + k7' Cy ey (3)
b2 = k(1 = @Vp)((k = DRC2) ™ vi = R{N(CT + €3N,

where v; is the voltage across the memristor, v, is the voltage

between the ground and the output of the operational amplifier,
and k=1 +R2/R3.



Using the notation x = vy, ¥y = v, Z = V, rescaling
time T = t/(R;Cy), and defining parameters @« = C,/C,
0 = (R1C2)/(RpCo), 0 = (R1C2)/(R.Co), € = R /R, the circuit
equations can be rewritten in the dimensionless form as

X =-0x-o0y,
y=e(l-g)k-1D)y—(@+k )z, 4)
z=ke(l —gxP)(k— D7y — (@ + 1)z,

Behavior of the system depends on six parameters: J, o, g,
k, € and «. In [16], the authors assume that C; = C,. Under
this assumption the parameter « is equal to 1, and the number
of parameters is reduced to five. Analysis of the system (4) is
carried out in [16] for the case in which four parameters are
fixed @ = 1, € = 500/3, g = 0.1, k = 21 and the parameters
¢ and o are varied. Bifurcation diagrams are constructed and
Lyapunov exponents are computed.

In [16], the authors compute fixed points and character-
istic equations of Jacobian matrices of (4) at fixed points
finding out that the characteristic equations do not depend
on the parameter p. They conclude that it follows that “the
dynamical characteristic of system (4) has nothing to do with
the parameter o”. This explanation is not valid. Jacobian
matrices at fixed points define dynamical behaviors only in
fixed points’ neighborhoods. Properties of the global dynamics
of the system cannot be concluded from the analysis of local
behavior around fixed points alone. The authors notice that
when other parameters are fixed changing the parameter o
rescales attractors in such a way that amplitudes of vari-
ables y and z are proportional to o, while the amplitude of
x does not change. They are however not able to explain
this phenomenon and write “However, if the transformation
(x,y,2) — (x,y/0,z/0) is performed, the algebraic system
structure will change”.

III. AmpLITUDE CONTROL MECHANISMS

In this section, we explain the phenomenon of variables’
rescaling. It will be shown that rescaling variables in a proper
way produces systems with different values of ¢ and other
parameters unchanged. We also show that the system has a
property of total amplitude control, in which all variables can
be rescaled by the modification of a circuit’s parameter.

First, let us notice that introducing the variable change
(x,¥,2) — (x,n7y,n2) converts (4) to the following dynamical
system

i=—6x-1"oy,
y=e(l-gDk-1)""y-(@+k), (5)
z=ke(l —gx)k - D7y —(a+ 1)z

The only change is in the coefficient at the y variable in
the first equation. This coefficient changes from o to 77 !o. It
follows that two systems (4) with different values of parameter
o are equivalent from the dynamical point of view. More
precisely, the system (4) with parameter po; is converted to
the system with parameter o, if the transformation (x,y,z) —
(x,0105'y,0105'2) is applied. Modifying the parameter o is

equivalent to appropriate rescaling of variables y and z while
the variable x is not changed. The parameter o can be
used for partial amplitude control (PAC), where modifying
one parameter of the system rescales amplitudes of selected
variables, while amplitudes of other variables are not altered
(compare [18]).

Now, we will show how to rescale all variables simultane-
ously in the system (4). Let us consider the following variable
change (x,y,z) — (sx, sy, sz), where s is the factor scaling
proportionally all variables. Applying this coordinate change
to (4) yields

i=—dx—1"oy,
y=e(l-sgx)k- D)y —(@+k )z (6)
z=ke(l-s2gx®)(k-1)7"'y—(a+ Dz

Selecting the scaling factor s influences only the coefficients at
x%y in the second equation and third equations. The difference
between (4) and (6) is that g is replaced by g/s?. It follows
that decreasing g by the factor s scales trajectories by the
factor +/s in all variables. The amplitudes of all variables may
be controlled by changing g. This is an example of the total
amplitude control (TAC) (compare [18]).

Results regarding amplitude control are confirmed in sim-
ulations. Fig. 2(a) shows a trajectory of the system (4) with
parameters 6 = 8, o = 80, € = 500/3, g = 0.1, k = 21, and
a = 1 with the initial condition (xo, yo,z0) = (0.1,0,0.1). Re-
sults of partial amplitude control are shown in Fig. 2(b), where
o is decreased two times and the initial condition is rescaled
in the y and z variables (xo, yo,20) = (0.1,0,0.2). One can see
that the plot is the same as in Fig. 2(a) with the only difference
in the amplitude of the y variable, which is two times larger.
Similarly, the amplitude of the z variable is increased two
times. Results of total amplitude control are shown in Fig. 2(c),
where g is increased four times and the initial condition is
rescaled in all variables to (xo,yo,20) = (0.05,0,0.05). As a
result of the total amplitude control amplitudes of all variables
are decreased two times. This is consistent the with results of
theoretical analysis in which we showed that the scaling factor
of the amplitudes is inversely proportional to the square of
the scaling factor of g. Independent rescaling of the amplitude
of the x variable can be achieved by changing both ¢ and
g. This is illustrated in Fig. 2(d), where o is decreased two
times, g is increased four times when compared to the first
case, and the initial condition is rescaled in the x variable
to (x0,y0,20) = (0.05,0,0.1). As a result in this case the
amplitude of x is decreased two times, while the amplitudes
of y and z are unaltered.

Partial and total amplitude control mechanisms (PAC and
TAC) can be observed for systems with no constant terms
in the right hand side of the ordinary differential equations
defining the system. Since a linear change of coordinates does
not change the Lyapunov spectrum it is clear that the Lyapunov
exponent spectrum is not altered by changing o and g.

Amplitude control may be useful in potential applications
of the circuit. The parameter o is inversely proportional to R,,.
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Fig. 2. Trajectories of (4) with 6 = 8, & = 500/3, k = 21, and @ = 1;
(@) 0 = 80,8 =0.1,(b) o =40, g =0.1,(c) 0 =80, g =04, (d) o =40,
g=04.

Moreover, the parameter R, is not present in definitions of J, &,
k, and @. Hence, as noticed in [16], the amplitudes of signals
generated by the circuit can be adjusted by a potentiometer at
the element R,. Changing R, causes partial amplitude control
regarding voltages v; and v,. Total amplitude control resulting
in scaling all voltages vy, v, and v, is achieved by modifying
the parameter g of the memristor.

IV. A THREE PARAMETER MoDEL OF THE CIRCUIT

From the discussion presented in the previous section it
follows that systems (4) with different values of parameter o
are equivalent from the dynamical point of view (Lyapunov
spectrum is the same, solutions and attractors are simply
rescaled). Hence, it is sufficient to investigate behaviors of the
system for a single value of parameter o, for example o = 1.
Results for other values are the same with the only difference
that trajectories are rescaled. A similar observation is valid for
the parameter g. Hence, we can eliminate two parameters of
the system by a linear change of coordinates (4). Yet another
parameter can be eliminated by using an appropriate time
rescaling.

Below, we derive a linear transformation reducing the
number of parameters to three and simplifying differential
equations defining the dynamical system so that it contains a
single nonlinear term. Let us define new variables x = —vg/s,
¥y =viRy/(sRy), w = V3R, /(skR,,), T = t/(R,Cp), where s is the
scaling factor. The value of s will be selected later. In these
new variables the dynamical system (3) can be rewritten as

X
Pl A
Q _ R,Co(1 — gszxz) _ R, Coka + l)w %
dr (k — DR.C, R,C, ’
dw  R,Co(l — gs’x*)  R,Co(a + 1)
dr k- DR.C, T RGC "

Note that nonlinear terms in (7) are identical. This allows us
to simplify the set of differential equations by eliminating one
of the nonlinear terms. Let use define a new variable z = y—w.
Equations (7) in variables (x,y,z) can be written as

x=-x+y,
y = —ay + bz — ds’x%y, )
z=c(z-y),
where a = R,Colka + 1)/(R1C3) — R,Cy/((k — 1)R.C>),
b = Ry,Colka + 1)/(R1C2), ¢ = R,Co(k — 1)/(R,Cy), and

d = gR,Cy/((k — 1)R.C»). Note that for positive Ry, Rz, R,
Cy, Ry, Cp, and g, the parameters b, ¢, d and the difference
b — a are always positive.

Let us select the scaling factor s in such a way that the
coefficient at x’y in the second equation is equal to —1, i.e.
s= Vd = y(k = DR.C>/(gR,Cy). This is always possible
since d is positive. For this selection, we obtain a dynamical
system with three parameters

X=-x+Yy,
y = —ay + bz — %y, 9)
Z=cz-y).

Reducing the number of parameters from six for the model (4)
to three for the model (9) simplifies the process of studying
dynamical phenomena in the system.

V. ANALYSIS OF THE THREE PARAMETER MODEL

In this section, we analyze dynamical phenomena in the
three parameter model derived in the previous section.

Let us note that the system (9) is symmetric with respect
to the transformation (x,y,z) +— (—x,—y,—z). It follows
that if (x(¢),y(7),z(r)) is a trajectory of (9) then also is
(—x(), —y(¢), —z(#)). As a consequence there might exist two
types of steady-state solutions: self-symmetric solutions and
symmetric pairs of solutions.

Under the assumption that (b — @) is positive the system
possesses three equilibria (0, 0,0), and +x* = (ixf, ixf, ixf),
where x} = Vb —a. Since b —a = R,Co/((k — 1)R.C3) > 0 it
follows that there are always three equilibria of the original
system (3).

A bifurcation diagram of the y variable at the intersection
of trajectories with the plane x = 0 is shown in Fig. 3.

Attractors existing for selected values of a are shown in
Fig. 4. In cases when a symmetric pair of attractors coexists,
attractors are plotted using different colors. For a = 2 there
exists a stable self-symmetric periodic orbit [see Fig. 4(a)].
For a =~ 1.995 this orbit loses stability and a symmetric
pair of stable periodic orbits is born [see Fig. 4(b)]; one of
the branches can be seen in the bifurcation plot. When a
is decreased this periodic orbit undergoes a period doubling
bifurcation for a ~ 1.823 [compare Fig. 4(c)]. For a < 1.823,
there is a sequence of period-doubling bifurcations which
leads to a chaotic behavior. A symmetric pair of chaotic
attractors exists roughly for a > 1.72. An example is shown
in Fig. 4(d). At a = 1.72 chaotic attractors collide and a
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Fig. 3. Bifurcation diagram of the system (9) for a € [1.58,2], b =2.75, ¢ = 2.5.

self-symmetric chaotic attractor is born [compare Fig. 4(e)
and (g)]. Periodic windows exist within the chaotic region.
The stable self-symmetric periodic orbit existing for a = 1.68
is shown in Fig. 4(f). The chaotic region exists approximately
for a > 1.605. For a < 1.605 there exist two periodic attractors
symmetric to each other [see Fig. 4(h)].

The existence of attractors is confirmed using interval
arithmetic tools [19]. Computations in interval arithmetic are
carried out in such a way that a proper rounding is used when
calculating bounds of mathematical expressions. In this way
results returned by a computer always enclose the true results
and we can be sure that phenomena observed in simulations
are not rounding error artifacts [20], [21]. The existence of
attractors is studied by applying interval tools to the return
map defined by the section {(x,y,z): x = 0}. The return map
P and its derivative are rigorously evaluated using the CAPD
library [22]. The existence of all periodic attractors shown
in Fig. 4 is verified using the interval Newton method [23].
In case of chaotic attractors, the existence of infinitely many
periodic orbits and chaotic trajectories is confirmed using the
method of covering relations [24], [21]. Computational details
are skipped for the sake of brevity.

VI. CONCLUSIONS

It has been shown that a memristive band pass filter circuit
possesses the total and partial amplitude control mechanisms.
In the total amplitude control by changing the value of one
of the circuit’s parameters the amplitudes of all variables are
rescaled by the same factor. In the partial amplitude control
the amplitude of one of the variables remains constant while
the others are rescaled by the same factor. A linear change
of coordinates has been constructed in such a way that the
behavior of the resulting dynamical system depends on three
parameters only. Dynamical phenomena of this system has
been studied.
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