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1. Introduction

In 1900, at the International Congress of Mathematics held in Paris, David Hilbert presented ten open problems in math-
ematics, and later published a more comprehensive list of 23 problems [1] aimed to challenge the mathematical community.
Throughout the 20th century, these problems have received great attention, and still do. Today, most of the Hilbert problems
have been resolved (two of them were deemed to be unresolvable), but a few ones still remain unsolved: one of these is
Hilbert’s 16th problem.

Hilbert’s 16th problem has two distinct parts: one in real algebraic geometry, and one in dynamical systems. We will
address the latter which asks for H(n) - the maximal number of limit cycles (isolated periodic orbits) the family of two-
dimensional polynomial vector fields of degree n can display. This problem has been highlighted in Steven Smale’s list of
challenging problems for the 21st century [2] (it appears as number 13 there), and is phrased roughly as follows:

Consider the differential equation in R%:

(*) x:Pn(x,y)7
V=Quxy).

where B, and Q, are polynomials of degree at most n. Is there a bound H(n) on the number of limit cycles the system (x) can
have, that only depends on the degree n?
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Note that the bound H(n) should be uniform, that is, it should not depend on the particular polynomial vector field,
only on its degree n. Hilbert's 16 problem has a remarkable history, and finding upper bounds for H(n) in the general case
appears to be extremely hard. Indeed, very little progress has been made since Hilbert’s seminal talk. As of today, this
question is not resolved even in the simplest, quadratic, case (n = 2). What is known, is that any given single polynomial
vector field can have only a finite number of limit cycles; this was (independently) proved in [3] and [4]. Partial results
for the quadratic case, and a general introduction to the bifurcation theory of planar polynomial vector fields can be found
in [5]. See also [6] for an overview of the problem. In terms of rigorous numerical studies of limit cycles of planar vector
fields, an early paper is [7]. It uses a rotated vector field to form an annulus containing a given (approximate) limit cycle.
The existence of a true limit cycle follows by verifying that the original vector field is transverse to the boundary of the
annulus—this can be achieved by local (rigorous) computations, rather than by integrating the system. Note that the method
presented in [7] cannot be used to prove the uniquness of a limit cycle in a specified region.

Even finding realistic lower bounds for H(n) appears to be very hard; for some of the best known lower bounds,
see [8,9] (n=2), [10] (n=3), and [11] (n > 4).

In this paper, we will focus on the Songling system; the three-parameter family of quadratic planar vector fields discussed
in [8]. The system is defined by

X=XAx—y—10x% + (5 + 8)xy +y2,

Y=x+x>+ (=25 +8s — 98)xy, (1

where § = —10"13, ¢ = =102, and A = —107290, In [8], it is proved that this system has at least four limit cycles. Normal
form theory is applied in [12] to prove the uniqueness of periodic orbits in a neighborhood of the singular point (0,0).

The main goal of this work is to confirm that the system (1) supports exactly four limit cycles and to give precise bounds
for positions of initial points of these limit cycles. Additionally, we would like to show that rigorous computational methods
based on interval arithmetic [13] can be useful in studies related to the 16th Hilbert problem [4,6,14,15].

Theorem 1. The Songling system (1) has exactly four limit cycles.

Proof. From [12] it follows that we only have to prove that no limit cycles of (1) intersect the line segment (x,y) € {0} x
[0.004, 0.04]. This is achieved by combining Lemma 8 with the enclosure of the largest limit cycle, given in Lemma 2. O

Computations reported in this work are carried out using the CAPD library [16]. The MPFR library [17] is used for the
multiple-precision support. Computation times are reported for a single core 3.5 GHz processor.

Following the convention in the literature on interval arithmetic, we denote intervals by bold letters. For example the
closed interval with the endpoints x; < x; is denoted by X = [x,, x;]. For the sake of brevity, we use a short notation to define
intervals. For example 9.807493 denotes the interval [9.807496,9.807498].

2. Preliminaries

The system (1) has two equilibria (0,0) and (0,1). Let us consider the line X = {(x,y) : x = 0} containing both equilibria.
For (x,y) € ¥ we have
X=-y+y%
y=0. (2)
From (2) it follows that within ¥ the derivative x is negative for y € I = (0, 1) and positive for y ¢ [0, 1]. It is known (by
index theory) that each limit cycle has to surround a singular point. It follows that each periodic orbit of (1) has to intersect
the interval (0,I) ¢ X, where (0, 1) denotes a two-dimensional interval vector, with an equivalent notation {0} x I.
Let us consider the return map P:I+ I defined as follows. For y eI the image P(y) is defined by (0,P(y)) =
@(t(0,y),(0,y)), where ¢(t, (x,y)) is a trajectory of (1) starting at (x,y) and t(x,y) is the smallest positive number ¢t
such that ¢ (t, (x,y)) € (0,]). If the trajectory ¢(t, (0,y)) does not return to (0, ) then P is not defined on y.

3. The existence of limit cycles

In this section we show that there exist at least four fixed points of P, and we provide very tight enclosures of their
positions.

3.1. Non-rigorous computations

First, let us study the dynamics of P using non-rigorous computations. During these computations a non-rigorous Tay-
lor integration method with the order 100 and the absolute tolerance 10~3% is used. We select points y;, = 107¥/3 for
k=1,2,...,300, evaluate P(y,) and compute the difference f(y,) =y, — P(¥). The results are plotted in Fig. 1 in the log-
arithmic scale. One can see that f changes the sign four times in the interval y € [10-190, 10-1/3]. The sign changes are
observed in the intervals [4.64 - 10~7>,10-74], [2.15- 10721, 4.65 - 10~21], [4.64 - 10~8,1077], [2.15 - 102, 4.64 - 10~2]. The first
three sign changes are continuous and the jumps seen in the picture are caused by computing f(y) =y — P(y) only at dis-
crete values and using the logarithmic scale.
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Fig. 1. Plot of the difference f(y) =y — P(y) for y € [10-19°,10-1/3] in the logarithmic scale. Note that f(y) changes sign four times.

In the interval [2.15 - 1072, 4.64 - 10~2] the return map is discontinuous. This interval contains a point y ~ 0.03689 whose
trajectory escapes to infinity. However, the map f changes sign within a smaller interval [4-10-2,4.64 - 10-2] where f is
continuous. Therefore, one may expect that f(y) has four zeros in the interval y € [1071%0 10-1/3] which means that P has
four fixed points in this interval. The results presented in Fig. 1 provide approximate positions of the fixed points which
may be used as starting points for the Newton method to obtain better approximations.

3.2. Topological approach

The existence of a fixed point can be proved using the following topological lemma.
Lemma 1. Let g be a continuous map defined on an interval X. If either g(X) c X or X C g(x), then g has a fixed point in x.

In order to carry out the proof of existence of a fixed point of P in y = [y;, y;], one has to find enclosures of P(y,), P(y:),
and show that certain inequalities regarding these enclosures and the endpoints of y are satisfied. Additionally, one has to
prove that P is well defined on [y, yr]. This can be done by finding an enclosure of P([y;,yr]). All these computations can
be carried out using interval arithmetic tools for the rigorous integration of nonlinear vector fields.

The existence of four fixed points of P is formulated in the following lemma.

Lemma 2. Each of the intervals
i yirl = 0.0426896038820?%
Va1, Yor] = 6.666660148% -1078,
[y31, y3r] = 2.247805948 - 10~21, and
(Y41, Yar] = 7.071067811865475243 - 107>
contains a fixed point of P.

Proof. The following inequalities are verified:

P(yq)) =y < =5.06-10"15, P(y1,) — y1, > 4.93- 1015,

P(y31) = Y1 > 2.58 107>, P(y3;) — yar < —2.32-107%,

P(y3) — 31 < =5.05-107123, P(y3,) —y3, > 1.29. 107123

P(Va) — Y4 > 5.03-1072%5 and P(y4r) — yar < —6.23 - 107293,

For each i =1, 2, 3,4 an enclosure of P([y;,y;;]) is found which proves that P is well defined on [y;, y;-]. The assertion
follows. O

The computations are carried out using the CAPD library. Multiple-precision interval computations with the precision of
up to 1024 bits are used. The total computation time per fixed point varies from 4 s to 14 s. We illustrate the associated
limit cycles in Fig. 2.

3.3. The interval Newton method approach

In this section, we present results on the existence and uniqueness of fixed points of P obtained using the interval
Newton operator.
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Fig. 2. Polar plot of the four limit cycles of Lemma 2. The radius is in logarithmic scale. The two equilibria are plotted as red dots. Note that three of the
four limit cycles surround the equilibrium at the origin. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

The interval Newton operator for the (continuously differentiable) map f : R — R and the interval y is defined as

NW) =y - fW/f ). (3)

where y € y. The most important property of the interval Newton operation states that if N(y) is enclosed in the interior of y
then the interval y contains exactly one zero of f. To prove the existence of fixed points of P one applies the interval Newton
operator to the map f(y) =y — P(y) and verifies that the condition N(y) c int(y) holds. In this case the interval Newton
operator has the form N(y) =y — (y — P(y))/(1 — P'(y)). Let us note that in this approach one needs rigorous enclosures of
both P(y) and P’(y). Based on an enclosure of P’(y) one may state what is the stability type of the fixed point. If |P'(y)| < 1
(|P’(y)| > 1) then the fixed point is stable (unstable). Once the existence of a fixed point is proved one may iterate the
interval Newton operator to obtain very accurate enclosures for the position of this fixed point.
The following lemma presents results on stability types and bounds for positions of four fixed points of P.

Lemma 3. The interval

V1 = 0.042689603882080061984295975305542965587001429807492

contains a single (stable) fixed point of P. P'(y;)  9.113 - 107>,

The interval

Yo = 6‘66666014815265O5739506985179964793162816852904273364171274063}3 -10~8 contains a single (unstable) fixed
point of P.

P'(y;)c1 .0OO000000000OOOOOOOOO0000000000000000049%.

The interval

V3 =2.247805947796130586058388618957420]301744379417437915330332524455975299877707946920093780? 1074

contains a single (stable) fixed point of P.

P (y3) € 0.999999999999999999999999999999999999999999999999999999999999999999999999999999999999999999
99362

The interval

y4 = 7.07106781186547524400844362104849039284835937688474036588339868995366239157720186091861933830487
4530341735932808282429248647985062424748296628072871867906124355 - 10°7° contains a single (unstable) fixed point
of P.

P (y4) c 1.0000000000000000000000000000000000000000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000622.

One can see that for fixed points in y, 34 the derivative of P is very close to one. As a consequence a very accurate
integration method has to be used. For the numerical integration the rigorous Taylor integration method with the order 100
is used. During the proof the computations are carried out using multiple-precision arithmetic with up to 2048 bits. The
computation time for a single fixed point varies from 45 s to 40 min.

4
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4. The uniqueness of limit cycles

In [12], it is shown that there are exactly four fixed points of P outside the segment [0.004,0.04]. The existence of exactly
3 fixed points of P in the segment (0,0.004) is proved using the normal form theory. The existence of a single fixed point
in the segment (0.04,1) follows from the fact that the line 1+ x — 25y = 0 which intersects the y axis at the point (0,0.04)
is transversal to the vector field and the property of the Songling system that it has at most one limit cycle around one of
the equilibria (for more details see [12]).

In order to prove that the Songling system has exactly four limit cycles it remains to show that P has no fixed points
in the segment [0.004,0.04]. In the following, using interval arithmetic tools we show that P has a single fixed point in the
segment [0.001,1). From Lemma 3 we know that this fixed point is not in [0.004,0.04].

During the computer assisted proof we will use the following technical lemmas.

Lemma 4. If y < P(y) then there are no fixed points of P in the segment [y, P(y)]. If y > P(y) then there are no fixed points of P
in the segment [P(¥),y].

Proof. Let us consider the case y < P(y). Let us assume that P(y) =y for y € [y, P(¥)]. It follows that y # y and trajectories
@(t, (0,y)) and ¢(t, (0,y)) intersect for t € [0, (0, y)], which contradicts the uniqueness of solutions of (1). O

A similar result can be formulated for the inverse of P.

Lemma 5. If y < P~1(y) then there are no fixed points of P in the segment [y, P~1(¥)]. If y > P~1(¥) then there are no fixed
points of P in the segment [P~1(y), y].

Using Lemma 4 one may construct a sequence of points yy <y <y < ... < yn such that the segment [yq, yn] does not
contain fixed points of P or a sequence of points yy > y; > ¥ > ... > ¥, such that the segment [y,,yo] does not contain
fixed points of P. This is achieved by selecting a point yg € (0, 1) and computing rigorous bounds for its images under P.
To illustrate this procedure let us assume that P(yg) > yo. In the kth step of the procedure using rigorous computations we
obtain an enclosure [yy, 1, Yk+1.r] of P(¥,) and we select yy, 1 =y, 1. After n steps we obtain the point yy. It follows from
Lemma 4 that the interval [yg, yn] does not contain fixed points of P. For the case P(yy) < yo we select i, 1 = Yy 1. After
n steps we obtain the interval [y, yo] with no fixed points of P. A similar approach may be used to construct intervals not
containing fixed points using Lemma 5. We will refer to the approach to exclude the existence of fixed points of P based on
Lemmas 4 and 5 as the iteration based method.

Let us note that using Lemmas 4 and 5 one can exclude the existence of fixed points of P also in in-
tervals containing points where P is not defined. For the Songling system one can show that the trajectories
¢(t, (0,0.03689093)) and ¢(t, (0,0.03689096)) intersect the line ¥ at y <0 and y > 1, respectively. It follows that the
interval [0.03689093, 0.03689096] contains a point y* such that the trajectory ¢(t, (0, y*)) escapes to infinity (P is not de-
fined at y*). On the other hand, computing the trajectory starting at (0,0.364) one may show that P(0.0364) > 0.3766. From
Lemma 4 it follows that there are no fixed points of P in [0.0364, 0.3766] > [0.03689093, 0.03689096] > y*.

It will be shown that the iteration based method is not efficient for small y. An alternative approach which will be called
the derivative based method is based on the evaluation of P’. In this approach we will use the following lemma.

Lemma 6. Let us assume that 1 ¢ P'(y) where y=[y;,y:] € (0,1). If (¥y —P(¥)))(¥r—P(yr)) >0 then P(y) £y for yey. If
1 —PW))Wr—PQr)) <0 then y contains a single fixed point of P.

Proof. From the assumption 1 ¢ P/(y) it follows that the function f(y) =y — P(y) is strictly monotonic in y. If f(y;) =y, —
P(y;) and f(yr) =yr — P(yr) are of the same sign then f has no zeros in y, which means that P has no fixed points in this
interval. If f(y;) and f(yr) are of opposite signs then from the monotonicity of f it follows that f has a single zero in y and
hence that P has a single fixed point iny. O

To prove that P has no fixed points in the interval y = [y;,y;] two conditions have to be verified. The first condition
(P(y)) —y1)(P(yr) —yr) > 0 requires evaluation of P over y; and y, and is usually easy to verify. The second condition re-
quires evaluation of the derivative P’ over the whole interval y and verifying that the result does not contain 1. This can be
done in a single evaluation of P’ only for small intervals. For larger intervals one may split the interval y into several smaller
intervals and verify the condition P'(y) # 1 separately for each of them.

For the proof that the interval [0.001,1) contains a single fixed point of P we use the combination of the iteration based
method, the derivative based method and the Lyapunov function method. First, using the Lyapunov function method, we
show that there are no fixed points in the segment [0.98,1). More specifically, we show that P~ is increasing in the segment
[0.98,1).

Lemma 7. P-1(y) >y for y € [0.98, 1).

Proof. The change of variables z = y — 1 shifts the equilibrium (0,1) to the origin. In these variables the Songling system has
the form:

X =X+ z— 10x2 + axz + 22,

Z = —dx+ x> + bxz,
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where a=5+38,b=-25+86—-95,c=5+8+ A, d =24 — 8¢+ 94. Let us define the Lyapunov function
V(x.2) = 0.5d((d + 1)x +cz)” +0.5(c + (d + 1)°) 2.
The Lyapunov function is nonnegative and vanishes only at the origin. The derivative of V with respect to t is

(:T‘Z =cd(d+ 1) +2*)+d(d+1)(c—10(d + 1))x> + cd(d + 1)
+((b+d)(d+1)* + (bc® + acd)(d +1))xz% + (d(d + 1) (bc + (a + % — 10cd) (d + 1)) + (d + 1)*)x%z.

Let us assume that x2 + z2 = r2. The first term is equal to cd(d + 1)r2. The absolute value of the remaining terms can be
bounded by er3, where e = 1.482-10°. It follows that if r < cd(d + 1)/e ~ 0.02026 then %‘t’ is positive and the Lyapunov
function V(x, z) is increasing along trajectories.

Let us come back to the Songling system. It can be verified that P~1(0.98) > 0.995 and that during the evaluation of
P-1(0.98) the trajectory does not leave the circle centered at (0,1) with the radius 0.02026. It follows that V(x,y — 1) de-
creases during the evaluation of P~1(y) for each y € [0.98,1) and hence V(0,y — 1) > V(0,P~1(y) — 1), i.e,,

G-1%> Py -1 (4)
It follows that P~1(y) >y for y € [0.98,1). O
Lemma 8. The segment [0.027,0.99] contains a single fixed point of P.

Proof. Applying the iteration based method for the map P with y; = 0.98 and n =4 we obtain y, < 0.042689603882. It
follows from Lemma 4 that the interval [0.042689603882,0.99] does not contain fixed points of P.

Applying the iteration based method for the map P with y; = 0.027 and n = 351 we obtain y35; > 0.042689603881. It
follows that the interval [0.027,0.042689603881] does not contain fixed points of P.

It remains to show that the segment 0.04268960388% contains a single fixed point of P. Let us consider the segment
0.042620. One can show that P(0.042689) > 4.26896038 and that P(0.042690) > 4.26896039. It follows that the segment
0.0426§§ contains at least one fixed point of P. One can also show that 1 ¢P/(0.0426gg). From Lemma 6 it follows that the
segment 0.042633 contains a single fixed point of P. [

Let us note that the iteration based method can be used to handle regions very close to y = 1. For example apply-
ing this procedure for the map P~! with y; =0.99 and n = 10 we obtain y;o > 0.9999999999999999993. It follows from
Lemma 5 that the interval [0.99,0.9999999999999999993] does not contain fixed points of P.

The iteration based method is not efficient for y < 0.027 due to the fact that the distance |y — P(y)| decreases fast when
y is decreased. For example to carry out the proof for the segment [0.020,0.021] one needs 3210 evaluations of P and the
computation time is 15 min. For the segment [0.010,0.011] the number of evaluations exceeds 1.4 - 106 and the computation
time is 65 h.

As it has been mentioned before an alternative approach is based on the evaluation of P’ (see Lemma 6 and the following
discussion). This method allows to reduce the number of evaluations when compared with the iteration based method. For
example for the segment [0.01,0.011] the number of evaluations is two times smaller. However the computation time is
longer because the evaluation of P’ takes longer than the evaluation of P.

A better approach is to use Lemma 6 after a change of coordinates. We will use the polar coordinates: x =rcos¢, y =
rsing (compare also [12]). From ri = xX + yy one obtains

P =XC0s@ +ysing = Arcos?p + 12 cos ¢ ((6 + d) cos @ sing — (14 + 98 — 8¢)sin’ ¢ — 10)).
From x =7 cos¢ —rsingg and y = rsing + rcos ¢ one obtains

@=ycosp —xsing =1—Acosgsing +r(6 + 8)cos>p + r((88 —98 — 14)cos?¢sing —sing — (5 4+ 8) cos<p).
It follows that the Songling system in the polar coordinates is defined as

';_= rAl((p)—i-TzR((p), (5)
¥ =1-Asx(p) +1P(p),

where
Aq(@) = Acos?p, Ay(@)=Acosgsing, R(p)= cosgo((6+d) cos @ singo—(14+98—88)sin2<p—10),
D (@) = (8¢ — 98 — 14)cos?¢ sing —sing — (5 + 8) cos @ + (6 + §)cos>p.

Lemma 9. P(y) > y for y € [0.001, 0.027].

Proof. In the proof we use Lemma 6. First, it is verified that P(0.027) > 0.027 and P(0.001) > 0.001. It remains to show
that 1 ¢ P’([0.001, 0.027]). The evaluation of P’(y) is carried out in the polar coordinates. From (5) it follows that ¢ grows
as long as
1 —maxy Az (@)
max, [®(p)| -
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One can see that [A;(¢)| < 0.5A. Using interval arithmetic tools we show that |®(¢)| < ¢ = 7.1. Using the bisection method
the interval t € [0, 2] is divided into 1288 subintervals t;. Enclosures z; of ®(t;) are computed and it is verified that |z;| < c.
It follows that ¢ is positive (i.e. ¢ grows) when
1-0.5A

r<0.14 < —
Next, we verify that during the evaluation of P(0.027) the trajectory does not leave the circle centered at the origin with
the radius 0.14. It follows that for y € (0, 0.027] the return map P(y) can be computed by integrating the one-dimensional
vector field

dp — 1-Ay(p) +1P (@)

for ¢ € [0.5m, 2.5 ] with the initial condition r(¢ = 0.57) = y.

The bisection method is used to split the interval [0.001,0.027] into 20809 subintervals. For each subinterval the map P
and its derivative are computed by integrating the vector field (6) for ¢ € [0.577,2.5] and it is proved that P'(y) # 1 for
y €[0.001, 0.027]. The total computation time is 40 h. The assertion follows from Lemma 6. O

Let us note that the method to evaluate P’ which is used in the proof of Lemma 9 is much faster than the standard
approach in which the vector field (1) is integrated. For example in the case of the interval y =[0.010, 0.011] the number
of evaluations needed to prove that 1 ¢ P'(y) is 181 and the computation time is 8 min compared to more than 1.4- 108
evaluations and 65 h of computations for the standard approach. The most fine splitting of the interval [0.001,0.027] is
necessary close to the endpoint 0.001. For example the calculations involving the interval [0.001,0.002] with the width
being less than 4% of the total width took 70% of the computation time.

From Lemmas 7, 8, and 9 it follows that the segment [0.001,1) contains a single fixed points of P.

Additionally, we prove that there are no fixed points of P in a neighborhood of the origin.

Lemma 10. P(y) <y for y € (0,2-107202],
Proof. The Songling system can be written as:
X =Ax—y — 10x% + axy + y?,
¥y =X +x%+ bxy,
where a =5+ 8, b= —25+ 8¢ — 94. Let us define the Lyapunov function
V(x,y) = (14025 %)y% + (x — 0.51y)2.
The Lyapunov function is nonnegative and V (x,y) = 0 only at the origin. The derivative of V with respect to t is
& = 22 +¥%) — Q0+21)x* = Ay* + (2 +2b+ bA? — ar)xy? + (2 +2a + A2 — bA + 104.)x%y.

Let r = \/x2 + y2. The first term is equal to Ar2 (recall that A is negative). The absolute value of the remaining terms can be
bounded by 40r3. It follows that for r < |A|/40 = 2.5 - 107202 the Lyapunov function V (x, y) is decreasing along trajectories.

In the next step, we verify that P(2-107292) < 2.10-202 and that during the evaluation of P(2-10-292) the trajectory
does not leave the circle centered at the origin with the radius 2.5 107292, It follows that for y € (0,2 - 102%?] the Lya-
punov function V (x,y) decreases during the evaluation of P(y) and hence V(0,y) > V(0, P(y)), i.e. y> > P(y)2. The assertion
follows. O

5. Conclusions

As mentioned in the introduction, this paper has two main goals: (1) to prove that the Songling system has exactly four
limit cycles, and (2) to illustrate the powers (and potential future use) of rigorous computations based on interval arithmetic.

For the problem we are considering here, the rigorous computations show their strength in producing coarse and tight
enclosures of limit cycles, as illustrated in Lemma 2 and Lemma 3, respectively. The same lemmas also give local unique-
ness results within each enclosure, leading to an exact count of the limit cycles. The weakness of the same computational
techniques lies in proving non-existence of limit cycles. This is a global problem, and as such requires much more computa-
tional effort. Small neighbourhoods of 0 and 1 are handled analytically by Lyapunov function methods, as in Lemma 10 and
Lemma 7, respectively. But for the remaining sectors, our methods were not practical. As an illustration, Lemma 8 (clear-
ing the interval [2.7-102,9.9.10"] from fixed points of P) required 15 min to compute, whereas Lemma 9 (clearing
[1073,2.7-1072]) took 40 h.

Although we could (in principle) exhaust the remaining interval [2 - 107202, 10-3], it would have required an enormous
amount of computing power. Instead, we used the analytical normal form result of [12], which clears the larger interval
[0.0,4-10-3] from fixed points of P.
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